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Let p be an odd prime, and let a,, a2 ,..., ah + , be elements of iZ/pZ such that, if 
any one of them is removed, the remaining ones can be divided into two sets of n 
elements with equal sums. This paper gives an estimate of the smallest possible size 
of n, assuming that not all the a, agree. c, 1985 Academic Press, Inc. 
The following problem appeared in the 1973 William Lowell Putnam 
exam. 
Let a,, az,..., a*“+ 1 be a set of integers such that, if any one of them is removed, the 
remaining ones can be divided into two sets of n integers with equal sums. Prove 
a,=a*= ‘.’ =azn+,. 
Here is a proof, which I have paraphrased from [ 11. Observe that, for any 
i, (a, + .‘. +a,,+,)- u, is even. Hence the ai must have the same parity. If 
the a, are all even, the property held by the ai is shared by the integers UJ2. 
Therefore, by the preceding argument, the integers a,/2 have the same 
parity. Similarly, if the ui are all odd, the integers (ui + 1)/2 have the same 
parity. In all cases the ui lie in the same congruence class mod 4. Continu- 
ing in this manner, the numbers ui lie in the same congruence class mod 2k 
for every k. This is possible only if a, = a* = . . . = u2,,+ i. 
Suppose that a, ,..,, uZn+ i are elements of a field F. Let us say that the set 
(a, 3...’ U2” + 1 ) is balanced in F if, when any one of them is removed, the 
remaining ones can be divided into two sets of n elements with equal sums. 
Remark. If F is a field of characteristic zero and if (a,,..., uZn+ i) is 
balanced in F then a, = a, = . . . = u2,, + , . 
Proof By choosing a basis for the Q vector space spanned by 
a, ,..., qn + , 3 one can write 
(0 , ,..., uzn+,)=u,i7,+ ..‘U,U,, 
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where the Ui are vectors with rational entries and where ui,..., u, are Q 
linearly independent elements of F. Since the ui are Q linearly independent, 
if (aI ,..., a2n + 1 ) is balanced then, for every i, the components of Ui are 
balanced. In this case the Putnam problem implies that every Di is a scalar 
multiple of (1, l,..., 1). Hence a, = a2 = . . = u2,, + , . 
A similar argument shows that the study of balanced sets in fields of 
characteristic p can be reduced to the study of balanced sets in Z/p??. 
Let p be an odd prime and let a, ,..., u2,, + i be elements of E/pZ. Let us 
say that (a, ,..., a,,, i) is non-trivially balanced modp if it is balanced in 
Z/pi? and if not all the ai agree. Observe that a set consisting of p copies of 
zero and p + 1 copies of one is non-trivially balanced mod p. 
PROPOSITION. Let p b 5 and let n = n(p) be the smallest number such that 
there are elements a,, a2 ,..., a2,, + 1 which are non-trivially balanced mod p. 
The following inequalities hold: 
4 ln(p)/ln In(p) < n(p) < 3 W). 
Proof Assume that a,, a2 ,.,., a2,,+, is non-trivially balanced modp. Let 
M denote a (2n + 1) x (2n + 1) matrix such that 
(i) each element on the diagonal of M is zero, 
(ii) each column of M contains n 1s and n - Is, 
(iii) (a, ,..., u2,,+,) M=(O ,..., 0) modp. 
The existence of such a matrix M is a consequence of the definition of 
“balanced.” 
Let M’ be any 2n x 2n submatrix of M. By the Hadamard bound, 
ldet M’I <product of the Euclidean lengths of the columns of M 
d (2n)“. (1) 
The equations (l,..., 1) M= (0 ,..., 0), (a, ,..., azn+ i) M= (0 ,..., 0) modp 
imply that the rank of M, after being reduced modp, is at most 2n - 1. 
Therefore det M’ must be divisible by p. On the other hand, the earlier 
remark implies that the nullity of M is one, so there is some 2n x 2n sub- 
matrix M’ whose determinant is not zero. Hence, for this submatrix, 
ldet M’I B p. Combining this with Eq. (1) yields 
p Q (2n)“. (2) 
Since ln(x)/ln In(x) is an increasing function for x > ee, Eq. (2) implies that, 
for p > ee, 
ln(p)/ln In(p) < ln(2n)“/ln ln(2n)” 
<n ln(2n)/Zn(n). (3) 
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There is no non-trivially balanced set of size three, so n Z 2. Therefore 
In(2n)/ln(n) 6 2; combining this with (3) gives 
n > t WpMn W), (4) 
for p>ee. When 5 <p<e’, 5 1 ln(p)/ln In(p) < 2 <n. Thus (4) holds for all 
primes p B 5. 
Let t be the greatest integer in log,(p + 1); I will define a set of 4t - 1 
elements which is non-trivially balanced modp. The existence of this set 
will imply that 
n(p) Q 2t - 1 < 2 log,(p + 1) - 1 < 2 log,(p) < 3 In(p). 
Define A to be the set of residues mod p of 1, 2, 22,..., 2’-‘. Define S to 
be the union of two copies of A together with 2t - 1 copies of zero. Sup- 
pose that an element x is removed from S. 
Case 1. x = 0. Partitions S - {x} into the following two subsets: set 1 
consists of A together with t - 1 copies of zero; set 2 consists of the same 
elements. 
Case 2. x = 2’, where 1 < i < t. Partition S- {x} into the following two 
subsets: set 1 consists of A - (2’) u (2’-‘} u (t - 1 copies of 0); set 2 con- 
sists of A - { 2’- ’ 1 u (t copies of 0). 
Case 3. x = 1. Define P to be the set of distinct powers of two which 
add up to (p + 1)/2. Partition S- {x> into the following two subsets: set 1 
consists of A-{l}uPu(t-lPl copies of 0); set 2 consists of 
A-Pu(t+(P(-1 copies of0). 
In all cases, S - {x} can be partitioned into two subsets of equal size and 
of equal sum modp. This finishes the proof. 
Remark. Given an odd integer 2n + 1 one can compute all non-trivially 
balanced sets of size 2n + 1 as follows. 
If M is a (2n + 1) x (2n + 1) matrix with integer entries let d(M) denote 
the greatest common divisor of the 2n x 2n subdeterminants of M. Now 
consider all (2n + 1) x (2n + 1) matrices which satisfy the conditions (i), 
(ii), and (iii) listed at the beginning of the preceding proof. Observe that 
(a 1 ,..., en + 1 ) is nontrivially balanced modp only if for some 
(2n + 1) x (2n + 1) matrix M satisfying (i), (ii), and (iii) the prime p divides 
d(M) and (a, ,..,, azn+ 1) M= (0 ,..., 0) modp. Hence one can determine all 
non-trivially balanced sets of size 2n + 1 with a finite number of linear 
algebra computations. Unfortunately this approach is feasible only for a 
small values of 2n + 1. 
As was mentioned earlier, there are no non-trivially balanced sets of size 
three. The sets (0, 0, 1, 1, 2) mod 3 and (0, 1, 2, 3,4) mod 5 can be shown 
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to be the only nontrivially balanced sets of size 5, modulo an affine trans- 
formation (i.e., a transformation of the form x + cx + d). The sets (0, 1, 2, 
3, 4, 5, 6) mod 7 and (0, 1, 2, 3, 4, 8, 9) mod 11 are non-trivially balanced 
sets of size 7; I do not know if there are others. 
Remark. If p > 3 the set S = (0, 1, 2,..., p - 1) is non-trivially balanced 
mod p. 
Proof For any x E Z/pi& S - {x} is a translation of S - (0). Therefore 
it suflices to show that S - { 0 > = (1,2,..., p - 1) can be partitioned into two 
sets of size (p - 1)/2 with the same sum mod p, If p = 4n + 1 consider the 
pairs (1,4n), (2,4n - 1) ,..., (2n, 2n + 1) which each sum to zero. Take n of 
them in each set. If p = 4n + 3, n > 1, first put (1,2,4n) in one set and 
(3,4n + 1,4n + 2) in the other, and then split the remaining 2n - 2 pairs: 
(4,4n - 1) ,..., (2n + 1, 2n + 2). 
Thus, for every p > 3 there exists non-trivially balanced sets with distinct 
elements, It would be interesting to estimate the sizes of the smallest such 
balanced sets. As a further avenue of inquiry one might investigate balan- 
ced sets mod m for a general (possibly composite) integer m. 
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